Abstract. We prove the existence of a solution of the Yamabe equation on complete manifolds with finite volume and positive Yamabe invariant. In order to circumvent the standard methods on closed manifolds which heavily rely on global (compact) Sobolev embeddings we approximate the solution by eigenfunctions of certain conformal complete metrics.
Introduction
Yamabe examined whether a closed n-dimensional Riemannian manifold (M, g) (n ≥ 3) possesses a metric g conformal to g with constant scalar curvature. His striking idea was the consideration of the so-called Yamabe invariant, see Definition 1, which gave the possibility to view the question as a variational problem. Works from Aubin [1] , Schoen [10] and Trudinger [14] answered the question of Yamabe affirmatively. There are several possibilities to generalize the Yamabe problem to open (i.e. noncompact and without boundary) manifolds. One possibility is simply to pose the same question as Yamabe did. On open manifolds, this gives much more freedom. We want to make this more precise by comparing to the closed case: On closed manifolds, if the Yamabe invariant Q is nonpositive, then every conformal metric having constant scalar curvature c and unit volume fulfills c = Q. In case that Q < 0 this conformal metric is even unique. If Q > 0 and there is a conformal metric with constant scalar curvature c, one see immediately that c ≥ Q. But nevertheless, on closed manifolds in all cases a conformal metric with constant scalar curvature has the same sign as the corresponding Yamabe invariant. On open manifolds, this is no longer true, an easy example is given by an open ball in the Euclidean space. Its Yamabe invariant is the one of the standard sphere, but it carries conformal metrics of constant scalar curvature of all signs: The original Euclidean metric has zero scalar curvature, the spherical metric has constant positive and the hyperbolic metric has constant negative scalar curvature. But all those metrics are conformally equivalent. That's why the question is often posed more restrictively. A first possibility is to fix the sign of the constant scalar curvature and/or ask additionally for completeness. This was done by many authors and many results with positive and negative answers were obtained, see for example [2] , [7] , [15] .
The second is to stick to the original Yamabe problem and ask for solutions to the EulerLagrange equation of the Yamabe problem, i.e. unit volume metrics with constant scalar curvature Q. This version was studied for example for manifolds with bounded geometry and positive scalar curvature in [8] using a compact exhaustion of the open manifold and for manifolds bounded geometry and positive Yamabe invariant in [5] using weighted Sobolev embeddings. In this paper we consider the second type of a noncompact Yamabe problem on complete manifolds of finite volume. Let (M n , g) be an n-dimensional complete connected Riemannian manifold of finite volume and n ≥ 3. Let L g = a n ∆ g + scal g be the conformal Laplacian where scal g is the scalar curvature of the metric g and a n = 4 n−1 n−2 . Definition 1. The Yamabe invariant of (M, g) is given by
where p = Q is conformally invariant which is seen from the conformal transformation formula of the conformal Laplacian:
The Yamabe invariant is given as a variational problem. Its Euler-Lagrange equation is
The aim of this paper is to study the existence of a smooth positive solution of (1) That's why we will use a different approach by approximating the desired solution by certain eigenfunctions of conformal metrics, cp. Section 3. In the standard proof on closed manifolds one uses the subcritical Yamabe problem to get solutions of differential equations that are somehow 'near' to the desired Euler-Lagrange equations. This allows to show converges of a sequence of those solutions which then serve as test functions for the critical problem. In our approach here the eigenfunctions will play the role of these subcritical solutions and we obtain 
) is the Yamabe invariant at infinity, see Definition 4, and replaces Q(S n ) that appears at this point in the closed case, cf. Remark 5. The non-existence of a continuous Sobolev embedding H 
The method used to prove Theorem 2 also gives rise to a different proof for the closed case with positive Yamabe invariant, see Theorem 14. Moreover, the method can be adapted to similar contexts, e.g one can obtain similar results for the spinorial Yamabe invariant, cf. [4] .
Preliminaries
In this section we collect some facts on the Yamabe invariant. 
This is seen when considering Q g (η i v) for suitable cut-off functions η i with η i → 1.
) since when considering only a subset less test functions can be used in Definition 1. Together with
n is the Yamabe invariant of the sphere with the standard metric the sequence
) is monotonically increasing and bounded. Thus, Q always exists and it holds Q(M, g) ≤ Q(S n ). Furthermore, Q does not depend on the choice of the sequence K i .
Remark 5. We note that the condition Q(M, g) < Q(S n ) in Theorem 2 replaces Q(M, g) < Q(S n ) that appears in the closed case. This can be seen since for
where B ǫ (p) is a ball around p with radius ǫ.
The blow-up argument in the standard proof of the Yamabe problem [12] which rules out concentration phenomena at a fixed point shows that for fixed
We will need the following slight generalization:
Proof. Let U and δ be fixed. Then for each x ∈ U let ǫ(x) be the maximal radius such that
Nonnegative Yamabe invariants and the L 2 -spectrum
On closed manifolds and if Q ≥ 0,
) is the lowest eigenvalue of the conformal Laplacian L g and [g] := {g = f 2 g |f ∈ C ∞ >0 (M )} denotes the conformal class of g. On general manifolds the spectrum of L g does not only contain eigenvalues but there can be residual and continuous spectrum. Moreover, in general L g is even not essentially selfadjoint.
We consider
) is the minimum of the spectrum of L g .
If (M, g) has additionally unit volume,
If for a function f ∈ C ∞ >0 (M ) such a compact subset K f exists, we shortly say that f ≡ 1 near infinity. The proof of the first part is the same as in the closed case. But since we are not aware of a reference we shortly give the proof.
Proof. Without loss of generality we can assume that g already has unit volume. Since 
as i → ∞ which finishes the proof of the first claim. Let now (M, g) be complete and of finite volume and v i be the test sequence of above. Let K i be a sequence of compact subsets with supp
only depends on the metric g i on supp v i . Thus, we can deform g i such that the conformal factor f i = 1 outside a compact subset K fi with
In particular, if g was complete, all those g are also complete.
Next we study the Yamabe invariant if essential spectrum is present. 
where the right hand-side goes to zero as i → ∞.
From that and Remark 7 it follows directly 
g). Moreover, due to Remark 3 v i can serve as a test function for Q and, thus, Q v i
p (g) and if then i → ∞, we obtain v i p → 1. Thus, v i is uniformly bounded in L p (g) and, due to the finite volume, also in L 2 (g). From
and the assumption that (scal g ) − n 2 < ∞ we see that dv i 2 is also uniformly bounded. Summarizing v i is uniformly bounded in H 
(n−2)q ′ −n < ∞ and, thus, p < s * < ∞ and 1 < s < q. Hence, U |f
For the second summand of the above inequality we have
All summands on the right-hand side tend to zero as
In order to finish the proof of Theorem 2 it remains to show that f 2 = v p−2 and v p = 1. We start with a non-vanishing result.
Lemma 12. In the setting of Lemma 11 and assuming
Proof. We prove by contradiction and assume v ≡ 0 and, hence, U v s i dvol g → 0 for all compact subsets U ⊂ M and 1 ≤ s < p. Firstly, we want to show that then also U v p i dvol g → 0 for all compact subsets U ⊂ M . For that, we assume the contrary, i.e. v i L p (U) > C(U ) > 0 and consider small balls B 2ǫ (x) with x ∈ M . We choose ǫ small enough such that for all x ∈ U Q(B 2ǫ (x)) > Q(M, g). Due to Q(S n ) > Q(M, g) and Lemma 6 this is always possible. Then we cover U by finitely many of those balls B 2ǫ (x) and define smooth cut-off functions η ǫ,x compactly supported in B 2ǫ (x) that are 1 on B ǫ (x) and |dη ǫ,x | ≤ 2ǫ −1 . Then we estimate < ∞ which probably cannot be achieved in general.
On closed manifolds
The method we used in Theorem 2 for complete manifolds of finite volume allows to reprove the result on closed manifolds with positive Yamabe invariant. Proof. The proof in the closed case is essentially the same as the one presented in Section 4. The only little difference occurs in the proof of Lemma 12 where the cut-off function χ R is introduced and Q is estimated. We make the following change -we take the smooth cut-off function η ǫ introduced before in Lemma 12. Then with the same estimate as in Lemma 12 , where M \ B ǫ substitutes B 2R and M \ B 2ǫ replaces B R , we obtain
For ǫ small enough this gives a contradiction to Q(M ) < Q(S n ) due to Lemma 6. Thus, following the rest of the proof in Section 4 we obtain that v is a smooth positive solution of L g v = Qv p−1 with v p = 1. Note that on closed manifolds the condition (scal g ) − L n 2 (g) < ∞ of Theorem 2 is trivially fulfilled.
